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Localized Dirac eigenmodes, chiral symmetry breaking, and Goldstone’s theorem
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I show that a finite density of near-zero localized Dirac modes in the chirally-broken phase of a
gauge theory can lead to the disappearance of the massless excitations predicted by the Goldstone
theorem at finite temperature.
Introduction Localization has been the subject of in-
tense research in condensed matter physics since Ander-
son’s seminal paper [1], both on the theoretical and the
experimental side (see Ref. [2] for a review). The ba-
sic idea is that in the presence of disorder the energy
eigenstates of a quantum system can become localized
in space. This has far reaching and quite diverse con-
sequences in a wide range of systems: while Anderson’s
original purpose was to explain the loss of conductance in
a crystal with impurities at zero temperature in terms of
a disorder-induced metal-insulator transition [3], in re-
cent years the main focus has been on so-called many-
body localization and the resulting lack of thermalization
in closed quantum systems [4].
Relatively recently, localization has been found in a
very different setting, namely in the eigenmodes of the
Dirac operator in quantum gauge theories at finite tem-
perature [5–15]. Gauge theories lie at the core of the
Standard Model of particle physics, and are characterized
by a local (gauge) invariance under some symmetry group
which largely dictates the form of the interactions, medi-
ated by the so-called gauge bosons. In particular, strong
interactions are described by Quantum Chromodynamics
(QCD), a gauge theory with group SU(3) whose gauge
bosons, the gluons, mediate the interactions among spin-
1
2 fermions known as quarks, transforming in the funda-
mental representation of the gauge group. Such a the-
ory is asymptotically free, i.e., weakly coupled at short
distances [16]. This makes it suitable for the so-called
lattice approach, which provides a nonperturbative for-
mulation of Euclidean quantum field theories based on
the discretization of path integrals on a spacetime lat-
tice [17]. This formulation is suited to the study of gen-
uinely nonperturbative aspects of the theory such as its
phase diagram.
At zero chemical potential, QCD has a low-tem-
perature, confined phase in which quarks and gluons are
bound within hadrons, and a high-temperature decon-
fined phase in which they are liberated in the so-called
quark-gluon plasma (QGP), separated by a rapid (but
analytic) crossover around Tc ≈ 155MeV [18, 19]. These
phases are associated with the status of the approximate
center symmetry Z3, which is only mildly broken at low
temperatures by the quark masses, while it is badly bro-
ken at high temperatures by the ordering of the Polyakov
loop, i.e., the holonomy of the gauge field along a straight
path winding around the temporal direction. The exis-
tence of the QGP has been confirmed experimentally,
and the study of its properties is the subject of extensive
experimental programs (see Ref. [20]).
The coupling of fermions to the gauge bosons is en-
coded in the Dirac operator in a gauge-field background,
with physical observables obtained after functionally
integrating over all possible gauge-field configurations.
This is analogous to ensemble averaging for a system with
disorder, with the Dirac operator playing the role of the
Hamiltonian, and the gauge-field fluctuations that of a
random interaction. One can then study the spectrum
and the localization properties of the eigenmodes exactly
as with disordered systems in condensed matter.
Of particular interest are the low-lying modes of the
Dirac operator, which play an especially important role
for the chiral properties of the theory. In the confined
phase QCD displays also spontaneous breaking of an ap-
proximate chiral symmetry, signalled by a finite density
of near-zero modes [21]. In the deconfined phase this
density vanishes and chiral symmetry is effectively re-
stored. While in the low-temperature phase the low
modes are delocalized, in the high-temperature phase
they become localized, up to a temperature-dependent
“mobility edge” in the spectrum [5, 7, 8, 10, 11]. The
source of disorder was identified [22–24] with the fluc-
tuations of the Polyakov loop around its ordered value,
a hypothesis supported by the critical behavior at the
delocalization transition in the spectrum [9, 25, 26].
This striking connection between confinement, chiral
symmetry breaking and localization is not fully under-
stood yet. In QCD there is neither an exact center sym-
metry nor an exact chiral symmetry, and the transition
is a crossover, so it is not possible to make sharp state-
ments. For quarks in the fundamental representation, ex-
act center symmetry is obtained in the “quenched” limit
of infinite mass, in which case one deals with a pure-gauge
theory; exact chiral symmetry on the other hand is ob-
tained in the opposite, “chiral” limit of massless quarks.
Investigations in a clear-cut situation thus typically re-
quire to separate the deconfinement-localization connec-
tion from the chiral restoration-localization connection.
(However, see below for an alternative route).
Hints at a very close relation between deconfinement
and localization of the low Dirac modes come from stud-
ies in pure SU(3) gauge theory, which displays a genuine,
2first-order deconfining phase transition [27]. In this the-
ory localization appears precisely at the critical temper-
ature [13, 15]. The same behavior has been found also
in other models with a sharp deconfinement transition,
both pure-gauge [14] and with dynamical fermions [12].
Interestingly, in pure-gauge SU(3) right above the decon-
finement transition the density of near-zero modes is not
vanishing [13, 15, 28], which in a loose sense signals spon-
taneous breaking of chiral symmetry by localized modes.
Although the inclusion of dynamical fermions generally
reduces the density of near-zero modes, it is nevertheless
not excluded that a non-zero density is found in the chi-
ral limit right above the deconfinement transition, thus
signaling spontaneous symmetry breaking; and that the
near-zero modes remain localized in this limit. The chiral
limit is much harder to study than the quenched one, and
very little information is available regarding these issues.
A peak of near-zero, localized modes in the deconfined
phase for fundamental quarks with physical and well-
below physical quark masses was reported in Ref. [29],
based on the study of the overlap spectrum on HISQ lat-
tices. It is not clear however if this peak will survive in
the chiral limit.
A setup in which the connection of localization with
both deconfinement and chiral symmetry restoration can
be studied at once is that of massless adjoint fermions,
since in this case both center and chiral symmetry are
exact. Numerical studies on the lattice showed the pres-
ence of two distinct phase transitions [30]: a deconfining
first-order one at Tdec (accompanied by a jump in the
chiral condensate), and a chirally-restoring second-order
one at Tχ > Tdec. In the intermediate range of tempera-
tures Tdec < T < Tχ the non-vanishing of the chiral con-
densate indicates a nonzero density of near-zero modes.
As the breaking of center symmetry indicates that the
source of disorder is active, these modes are expected to
be localized; no direct study is however available.
Motivated by these findings, in this letter I discuss the
possible consequences of a nonzero density of near-zero
localized modes in the chiral limit at finite temperature.
The most dramatic scenario is the disappearance of the
massless (Goldstone) excitations associated with sponta-
neous symmetry breaking, due to localization. The idea
is not new, and has been put forward long ago in Ref. [31],
in the context of Anderson models, and in Ref. [32], in
the context of quenched SU(3) gauge theory on the lattice
with Wilson fermions in the Aoki phase at zero temper-
ature [33]. The present results are however new, as they
concern relativistic theories at finite temperature in a po-
tentially physically relevant setting. As an intermediate
result, I rederive and generalize the Goldstone theorem at
finite temperature [34, 35]. I work in the imaginary-time,
Euclidean path-integral formulation, and in the contin-
uum to avoid inessential technicalities. The issues of reg-
ularization and renormalization of ultraviolet (UV) di-
vergences are discussed only briefly, as they do not play
any significant role. A more detailed account will appear
elsewhere [36].
Finite-temperature gauge theories Consider a gauge
theory with compact gauge group G and Nf degener-
ate flavors of fermions of mass m, transforming in some
representation of G and minimally coupled to the gauge
fields, at finite temperature T . Euclidean time-ordered
correlation functions, denoted by 〈. . .〉, are obtained as
path integrals starting from the partition function Z,
Z =
∫
[DA]e−Sg[A]
∫
[DΨDΨ¯]e−Sf [Ψ,Ψ¯,A] . (1)
Here integration is over (generally matrix-valued, Her-
mitean) gauge fields Aµ, µ = 1, . . . , 4, and over Dirac
fermion fields Ψ and Ψ¯ (multiplets of Grassmann vari-
ables carrying spacetime, gauge group, and flavor indices,
suppressed here), satisfying respectively periodic and an-
tiperiodic boundary conditions in the temporal direction,
which is compactified to a circle of extension β = 1/T .
The gauge action Sg includes the usual Yang-Mills and
gauge-fixing terms, while the appropriate ghost terms
needed to restore gauge invariance [37] are included in
the integration measure. The gauge choice is ultimately
irrelevant, but a covariant gauge like Lorenz gauge makes
all the relevant spacetime symmetries manifest. The
fermionic action Sf reads
Sf [Ψ, Ψ¯, A] =
∫
β
d4x Ψ¯( /D +m)Ψ , (2)
where the subscript β indicates that Euclidean time is
restricted to t ∈ [0, β]; and /D is the (single-flavor) Dirac
operator, /D ≡ γµ(∂µ+igAµ), with γµ the Euclidean, Her-
mitean gamma matrices and g the gauge coupling. Sum-
mation over repeated indices is understood. /D is anti-
Hermitean and satisfies the chiral property {γ5, /D} = 0.
The thermal averages 〈〈. . .〉〉β of real-time observables are
reconstructed from the Euclidean correlation functions
by Wick rotation back to Minkowski spacetime [35, 38–
40].
For m = 0 the fermionic action has a chiral symmetry
SU(Nf )L × SU(Nf )R ∼ SU(Nf )V × SU(Nf )A, explicitly
broken down to its vector part SU(Nf )V by the mass
term. The starting point of the present analysis is the
following Ward-Takahashi (WT) identity associated with
the SU(Nf )A symmetry,
− ∂µ〈Aaµ(x)Pb(0)〉+ 2m〈Pa(x)Pb(0)〉 = δ(4)(x)δabΣ ,
(3)
where Σ ≡ 1
Nf
〈S(0)〉 is the chiral condensate, and it
has been used the fact that SU(Nf )V is not broken [41].
Here Aaµ ≡ Ψ¯γµγ5taΨ is the flavor-nonsinglet axial cur-
rent, Pa ≡ Ψ¯γ5taΨ the nonsinglet pseudoscalar density,
and S ≡ Ψ¯Ψ the singlet scalar density, where ta are the
N2f − 1 Hermitean generators of SU(Nf ), normalized to
tr tatb = 12δ
ab. WT identities express the invariance of
the theory under symmetry transformations, and will still
3hold after renormalization if this can be carried out while
enforcing the relevant symmetry. This, however, may
not be possible. In the case at hand, one can use a lat-
tice regularization with Ginsparg-Wilson fermions [42] to
show that this is in fact possible even in a nonperturba-
tive setting (whenever a continuum limit can be defined).
Ginsparg-Wilson fermions possess an exact lattice chiral
symmetry [43], which reduces to the usual continuum one
in the continuum limit, and guarantees [44] thatm renor-
malizes only multiplicatively; that Aaµ requires no further
renormalization after the usual mass, coupling and field
renormalization; and that the multiplicative renormaliza-
tion constants ZP and ZS of the pseudoscalar and scalar
densities satisfy ZP = ZS = Z
−1
m with Zm the mass
renormalization constant. It also implies that all additive
divergent contact terms drop from Eq. (3) in the chiral
limit. This guarantees in particular that the WT iden-
tity Eq. (3) will still hold in the continuum limit also after
renormalization, and so can be treated as a meaningful
relation between finite, renormalized quantities. From
now on all quantities are understood to be renormalized
unless explicitly stated otherwise.
Goldstone theorem at finite temperature The WT
identity Eq. (3) can be used to provide a quick (and as
far as I know, novel) derivation of the Goldstone theorem
at finite temperature [34, 35]. After Fourier transform to
(Euclidean) energy-momentum space one finds
iωnG4(ωn, ~p ) + i~p · ~G(ωn, ~p ) +R(ωn, ~p ) = Σ , (4)
Gµ(ωn, ~p ) =
∫
β
d4x ei(ωnt+~p·~x)Gµ(x) , (5)
R(ωn, ~p ) =
∫
β
d4x ei(ωnt+~p·~x)R(x) , (6)
where I have denoted δabGµ(x) ≡ 〈Aaµ(x)Pb(0)〉 and
δabR(x) ≡ 2m〈Pa(x)Pb(0)〉, and vector-flavor invariance
was used. Periodicity restricts Euclidean energies to the
discrete Matsubara frequencies ωn =
2πn
β
, n ∈ Z. Using
the relation between Euclidean correlators and real-time
thermal expectation values [38–40] together with rela-
tivistic locality one shows that lim~p→0 ~p · ~G(ωn, ~p ) = 0
for n 6= 0. On the other hand, invariance under the time
reflection t → β − t implies G4(−ωn, ~p ) = −G4(ωn, ~p ),
and so G4(0, ~p ) = 0. Setting G(ωn) ≡ G4(ωn,~0 ), denot-
ing quantities in the chiral limit by the subscript “∗”, and
under the usual assumption that R→ 0, from Eq. (4) one
finds in the chiral limit
i~p · ~G∗(0, ~p ) = Σ∗ , iωnG∗(ωn) = Σ∗ , n 6= 0 . (7)
If Σ∗ 6= 0, ~G∗ for n = 0 develops a pole at zero mo-
mentum. More importantly, the second equation implies
that G∗ can be continued analytically (in the sense of the
unique Carlsonian interpolation [38, 40]) to the function
G¯∗(Ω) = Σ∗/(iΩ) of the complex variable Ω, from which
one can recover the corresponding real-time thermal cor-
relation function [45]. Setting (for ω ∈ R)
δabc(ω) ≡ lim
~p→0
∫
d4x ei(ωt−~p·~x)〈〈 [Aˆa0(x), Pˆb(0)] 〉〉β , (8)
where Aˆaµ and Pˆa are the Minkowskian axial-vector cur-
rent and pseudoscalar density operators, one finds [38–40]
ic(ω) = G¯(0+ − iω)− G¯(0− − iω) . (9)
From Eq. (7) one then has in the chiral limit
ic∗(ω) =
Σ∗
ω + i0+
− Σ∗
ω + i0−
= −2πiΣ∗δ(ω) . (10)
This indicates the presence of massless excitations at zero
momentum when Σ∗ 6= 0, which is the content of the
Goldstone theorem at finite temperature [35]. This result
can be generalized to nonzero R. After analytic contin-
uation (in the Carlsonian sense) of R(ωn) ≡ R(ωn,~0) to
the function R¯(Ω), one finds G¯(Ω) = (Σ − R¯(Ω))/(iΩ),
which substituted in Eq. (9) gives
ic(ω) = −2πi[Σ− R¯(0+)]δ(ω)− 1− e
−βω
ω
R¯(0+ − iω) ,
(11)
where the KMS relation [46] has been used to show
R¯(0− − iω) = e−βωR¯(0+ − iω). The second term in
Eq. (11) is regular at ω = 0, while the delta-like singular-
ity, and therefore massless zero-momentum excitations,
are present as long as Σ− R¯(0+) 6= 0.
Pseudoscalar correlator in the chiral limit The stan-
dard assumption R → 0 is based on assuming that the
pseudoscalar correlator is regular enough in the chiral
limit. I show now that this in fact may not be the
case when a finite density of localized near-zero modes is
present: the pseudoscalar correlator can develop a 1/m
infrared divergence that compensates the factor of m,
leading to a finite remnant R∗. This mechanism is simi-
lar to that discussed in Ref. [32]. In a finite spatial vol-
ume V , where the eigenvalues iλn of /D are discrete, the
unrenormalized correlator reads
〈Pa(x)Pb(0)〉 = −δ
ab
2
〈
∑
n,n′
Oγ5n′n(x)Oγ5nn′ (0)
(iλn +m)(iλn′ +m)
〉 .
(12)
Here OΓnn′(x) ≡ (ψn(x),Γψn′(x)), where /Dψn = iλnψn
with ψn normalized to 1 and the scalar product (·, ·) in-
volves only Dirac and gauge-group indices, and m is the
bare mass. Being only interested in the thermodynamic,
V → ∞ limit, followed by the chiral, m → 0 limit, all
irrelevant contributions to Eq. (12) will now be dropped.
The number of exact zero modes grows only like
√
V ,
and so they can be neglected in the limit V →∞. In the
presence of a UV regulator the double sum over modes is
restricted to |λn,n′ | ≤ Λ. However, it is easy to see that
in the chiral limit the modes outside of an infinitesimal
neighborhood of the origin will give at most a finite con-
tribution. One can then choose an arbitrary cut-off as
long as it is kept non-vanishing in the chiral limit. This
removes in particular the possible sources of additive UV
divergences. Including the appropriate renormalization
4factor Z−2P = Z
2
m, one then replaces the term in angular
brackets in Eq. (12) with the renormalized quantity
∫ µ
−µ
dλ
∫ µ
−µ
dλ′
P (λ, λ′;m;x)
(iλ+m)(iλ′ +m)
, (13)
where m is now the renormalized mass, µ is a finite mass
scale, and
P (λ, λ′;m;x)
≡ 〈
∑
λn,n′ 6=0
δ(λ− λn
Zm
)δ(λ′ − λn′
Zm
)Oγ5n′n(x)Oγ5nn′ (0)〉 .
(14)
The arguments used in Ref. [47] to prove that the mode
number is a renormalization-group invariant suggest in
fact that P should remain finite as the UV regulator is
removed. A change of variables λ(′) = mz(′) should con-
vince the reader that a 1/m divergence can only originate
from the terms with λn = ±λn′ in Eq. (14), while the rest
can give at most a (logm)2 divergence. Exploiting also
the chiral property of /D one then replaces Eq. (13) with
2
∫ µ
0
dλ
(
C1(λ;m;x)
λ2 +m2
+
(m2 − λ2)Cγ5(λ;m;x)
(λ2 +m2)2
)
, (15)
where [48]
CΓ(λ;m;x) ≡ 〈
∑
λn 6=0
δ(λ − λn
Zm
)OΓnn(x)OΓnn(0)〉 . (16)
For eigenmodes spread out on the whole space, this term
is expected to vanish in the thermodynamic limit: one ex-
pects qualitatively OΓnn(x) ∼ 1/V , but only O(V ) terms
in the sum, so that CΓ → 0 as V → ∞. On the other
hand, a localized mode is essentially concentrated in some
region of finite spatial size V0, so that OΓnn(x) ∼ 1/V0 for
x inside that region, and practically zero outside. Due
to translation invariance, the probability (defined over
the ensemble of gauge configurations) that x = 0 be-
longs to the localization region is V0/V . If there is a
finite density of localized modes around λ, one finds a
contribution of order V · V0/V · 1/V 20 = 1/V0, and so a
non-zero CΓ is expected (and possible only) in spectral
regions with localized modes [49]. The same argument
shows that modes with nontrivial fractal dimension, i.e.,
concentrated in regions of size V0 ∝ V α with 0 < α < 1,
do not contribute to CΓ in the thermodynamic limit.
I now assume that localized modes are present in a
spectral region near λ = 0, up to a mobility edge λc(m).
This is the situation observed in several gauge theories at
sufficiently high temperature for finite quark masses. If
other spectral regions contain localized modes, I assume
that they remain separated from the origin in the chiral
limit. In the presence of localized modes, P in Eq. (14)
would develop delta-like contributions at λ = ±λ′, ac-
companied by Heaviside functions to delimit the relevant
spectral regions. If P is indeed a renormalized quantity,
then the various mobility edges would renormalize like a
quark mass. In other words, the ratio λc/m would be a
renormalization-group invariant, as suggested (and, for
QCD, also supported by lattice data) in Ref. [8].
It is now straightforward to evaluate Eq. (15) in the
chiral limit, and find for (renormalized) R∗(x)
R∗(x) = ξπC
1
loc(0; 0;x) + ηC
γ5
loc(0; 0;x) . (17)
Here ξ ≡ 2
π
arctanκ, η ≡ 2κ1+κ2 , and κ ≡ limm→0 λcm ;
“loc” denotes the restriction of the spectral sums to lo-
calized modes only; and the following order of limits is
understood, f(0; 0) ≡ limm→0 limλ→0 limV→∞ f(λ;m),
here and below.
Localization and Goldstone modes Due to the local-
ized nature of the modes contributing to R∗(x), one can
exchange the order of spatial integration and infinite-
volume limit to obtain
R∗(0) =
∫
β
d4xR∗(x) = ξπρloc(0; 0) , (18)
where ρloc is the restriction to localized modes of the
spectral density,
ρ(λ;m) ≡ lim
V→∞
1
βV
〈
∑
λn 6=0
δ(λ− λn
Zm
)〉 . (19)
Using the Banks-Casher relation Σ∗ = −πρ(0; 0) [21],
and assuming that R∗(0) = R¯∗(0
+) [50], one obtains from
Eq. (11)
c∗(ω)|singular = 2π2[ρ(0; 0)− ξρloc(0; 0)]δ(ω) . (20)
This is the main result of this letter. The fate of
the Goldstone excitations depends on the combination
ρ(0; 0) − ξρloc(0; 0). In typical disordered systems, lo-
calized and delocalized modes do not coexist in the same
spectral region, so if modes near the origin are delocalized
one has ρloc(0; 0) = 0, and the standard situation arises.
If near-zero modes are localized then ρ(0; 0) = ρloc(0; 0),
and no Goldstone modes are present if ρloc(0; 0) = 0. If,
instead, near-zero modes are localized and ρloc(0; 0) 6= 0,
signaling spontaneous symmetry breaking, one has three
possibilities depending on the value of κ: if κ = 0, i.e., if
the mobility edge vanishes in the chiral limit faster than
the fermion mass, one recovers the standard result; if
0 < κ < ∞, i.e., if the mobility edge vanishes as fast as
the fermion mass, one still finds massless excitations, al-
though the coefficient of the singular term is reduced with
respect to the standard case; if κ = ∞, i.e., if the mo-
bility edge vanishes more slowly than the fermion mass
or remains finite in the chiral limit, then massless excita-
tions disappear. One would then have chiral symmetry
breaking without Goldstone excitations.
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